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ABSTRACT
We describe how chiral matter charged under SU(N) and SO(2N)
gauge groups arises from codimension seven singularities in compact-
ifications of M-theory on manifolds with G2 holonomy. The geometry
of these spaces is that of a cone over a six-dimensional Einstein space
which can be constructed by (multiple) unfolding of hyper-Ka¨hler quo-
tient spaces. In type IIA the corresponding picture is given by stacks
of intersecting D6-branes and chiral matter arises from open strings
stretching between them. Usually one obtains (bi)fundamental rep-
resentations but by including orientifold six-planes in the type IIA
picture we find more exotic representations like the anti-symmetric,
which is important for the study of SU(5) grand unification, and tri-
fundamental representations. We also exhibit many cases where the
G2 metrics can be described explicitly, although in general the metrics
on the spaces constructed via unfolding are not known.
1e-mail: berglund@citusc.usc.edu
2e-mail: andreas@theory.caltech.edu
1 Introduction
Compactifications of M-theory/string theory to D = 4 dimensions with N = 1 super-
symmetry can be obtained in a number of ways. The historic approach, which is still
very much viable, is via the heterotic E8 × E8 theory [1]. The compact manifold is a
Calabi-Yau three-fold and in addition a choice of vector bundle has to be made, breaking
the E8×E8 gauge symmetry [2]. For example, the standard embedding of identifying the
spin connection with the gauge connection gives rise to h2,1 chiral multiplets in the 27
and h1,1 chiral multiplets in the 27 of E6, where h2,1 is the number of complex structure
deformations and h1,1 is the number of Ka¨hler deformations of the Calabi-Yau three-fold.
An alternative approach, which is dual to another heterotic compactification [3], is
to compactify M-theory on a seven dimensional real manifold, X , with G2 holonomy.
In this case the duality is inherited from fiberwise application of the duality between
M-theory on a K3 manifold and the heterotic string on a T 3 with a choice of vector
bundle [4]. Contrary to the heterotic scenario, compactification of M-theory on a G2
manifold does not in general lead to any charged chiral matter nor to non-abelian gauge
symmetries as long as X is smooth. Rather, one gets b2 U(1) vector multiplets and b3
neutral chiral multiplets, where bq gives the number of q-cycles on X [5]. However, the
situation changes drastically whenX admits singularities. In particular, codimension four
and seven singularities lead to non-abelian gauge enhancement and charged chiral matter,
respectively [6, 7, 8, 9, 3].3 These compactifications also have an interesting interpretation
in type IIA string theory, where they correspond to compactification on six-manifolds
with RR two-form fluxes and/or D6-branes/O6 planes wrapped on supersymmetric three-
cycles [12, 13]. For examples of such type IIA compactifications which give rise to chiral
fermions and which admit lifts to M-theory compactifications on G2 manifolds, see [14].
In this paper, we continue the work of Acharya and Witten [3], who showed how chi-
ral matter charged under unitary gauge groups appear at singularities of G2 manifolds.
These manifolds are constructed as circle quotients of conical hyper-Ka¨hler (HK) eight-
manifolds. In particular, we generalize their work to the antisymmetric representation of
SU(n) and the fundamental of SO(2n). The former in particular, is essential in attempts
of constructing realistic models of grand unified theories such as SU(5) from string/M-
theory. We describe how the corresponding M-theory backgrounds can be reduced to
type IIA backgrounds that consist of intersecting D6-branes/O6 planes. This straight-
3Note that this is not a complete list of the possible singularities classified in terms of their codimen-
sion p. Other interesting cases are p = 1, 5, 6, where p = 1 corresponds to a boundary that localizes E8
gauge symmetry [10], p = 5 corresponds to a singularity of the type studied in [11] and finally p = 6 are
singularities typically encountered in Calabi-Yau three-folds which produce non-chiral matter.
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forwardly generalizes a collection of two and three stacks of intersecting D6-branes to k
groups of ni , i = 1, . . . , k D6-branes (see also [15]). For k = 3 we compare our results
with those of [3] which have an M-theory description as R3-bundles over WCP2n1,n2,n3 if
at least two of the indices ni are equal. In the presence of an O6 plane the M-theory
background is a Z2 orbifold thereof. We also describe how trifundamental matter charged
under SU(3)×SU(3)×SU(2) and SU(4)×SU(3)×SU(2) are obtained from unfolding
HK quotients [16] of E6 and E7 singularities, respectively.
The rest of the paper is organized as follows: in section 2 we generalize the construc-
tion of G2 manifolds by multiple unfoldings of HK quotient singularities. In section 3
we show that the space arising from double unfoldings under certain conditions can be
mapped to a different construction of G2 manifolds as cones over twistor spaces, which
makes it possible to find the metrics explicitly. In section 4 we include orientifolds in the
type IIA picture which in M-theory lifts to Z2 orbifolds of manifolds constructed via mul-
tiple unfoldings. This gives rise to chiral multiplets in the anti-symmetric representation
of SU(n) gauge groups in addition to multiplets in the bifundamental representation.
We also extend our work to exceptional gauge groups, which give rise to matter charged
under more than two non-abelian gauge groups for which there is no perturbative type
IIA description available. Finally, we end with some comments and discussions in section
5 while details of the map from M-theory to type IIA can be found in appendix A and
the realizations of Dn and En singularities are given in appendices B and C, respectively.
2 Unfolding hyper-Ka¨hler quotients
In this section we review and generalize a particular construction of G2 manifolds intro-
duced by Acharya and Witten in [3]. The manifolds are U(1) quotients of HK manifolds
where the U(1) is chosen such that it commutes with the SU(2) symmetry of the HK
manifold which permutes the three complex structures, and can be obtained by unfold-
ing four-dimensional HK quotient singularities. This unfolding, which will be described
in more detail later, is nothing but a fibration of an ADE singularity over a three-
dimensional base, B. If there are no singularities worse than the codimension four ADE
singularity we would just obtain an N = 1 vector multiplet with ADE gauge group and
b1(B) chiral multiplets in the adjoint. But in the construction of [3] the base manifold
B has one special point (or possibly several) over which the singularity is enhanced e.g.
An−1 → An. In the dual heterotic string theory this worsening of the singularity is re-
flected by a jump in the rank of the gauge bundle at the same point(s) in the base B as
in M-theory. (We refer the reader to [3] for more details on the heterotic picture.) In the
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case of a symmetry enhancement An−1 → An the gauge theory is SU(n) × U(1) SYM
with chiral matter in the n−1 representation
4. The SU(n) vector multiplet is produced by
a co-dimension four An−1 singularity, whereas the U(1) comes from conventional Kaluza-
Klein reduction [8]. As was shown in [9] the anomaly from the chiral multiplet is canceled
by an anomaly inflow mechanism from the bulk [17]. This is the same mechanism that
is at work to cancel the anomaly of chiral matter that arises from open strings stretched
between configurations of intersecting D-branes which preserve four supercharges [18].
Of course, this is more than a formal analogy since the G2 singularities have an interpre-
tation in type IIA string theory as sets of D6-branes intersecting over flat R6 [8] as we
will show in this section (with more details in appendix A).
Interestingly, there exists a closely related construction in Type IIA of Calabi-Yau
threefold singularities which give rise to charged matter [19]. The threefold is fibered by
K3’s over a complex one-dimensional base Q in a manner that over generic points of Q
the singularity is G but over one point the symmetry is enhanced G→ G′. There exists
a fruitful interplay between these two constructions and we will make this more explicit
in examples presented later in this section.
We will start by reviewing Kronheimers HK quotient construction of ADE singular-
ities [16] which we will use to obtain charged chiral matter (see also [3]). The starting
point is an An singularity which is locally equivalent to R
4/Zn+1. The basic idea is that
R4/Zn+1 can be realized as the vacuum manifold of a particular linear sigma model (LSM)
and will be denoted as Hn+1//K, where K is the LSM gauge group which in this case is
U(1)n and each factor of H denotes the four scalars of a hypermultiplet Φi , i = 0, . . . n.
The charges of the hypermultiplets follow from the affine Dynkin diagram of An, also
denoted as the quiver diagram of the LSM. The hypermultiplet Φi has charge +1 and
Φi−1 has charge −1 under the ith U(1) and all other charges are zero. The vacuum
manifold, denoted in short by Hn+1//K, of this theory is obtained by imposing the D/F-
term constraints and dividing by the gauge group K. This manifold has real dimension
4(n + 1)− 3n− n = 4. The 3n D/F-term constraints form n triplets under the SU(2)R
symmetry of the LSM and can be expressed as linear combinations of the moment map
µ : H→ R3:
Φ = (M,M)→
 ℜMMℑMM
M∗M −M ∗M
 ≡ (Φ, ~σΦ) , (1)
where M and M are two complex scalars contained in Φ, and σi are the standard her-
4In the following we label representations of non-abelian group factors by their dimensionality. Hence,
the fundamental representation of SU(n) is denoted by n and its complex conjugate by n. A charge
with respect to an abelian factor is denoted by a subscript, e.g. nQ.
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mitian Pauli matrices. Note that M has opposite charge of M and together they form a
doublet of SU(2)R. Therefore, and because of the charge assignments of the scalars, the
D/F-term of the l-th U(1) is
− (Φl−1, ~σΦl−1) + (Φl, ~σΦl) = ~tl , (2)
where ~tl is a triplet of FI-parameters.
The An singularity in the form R
4/Zn+1 is recovered when we set all FI-parameters
~tl = 0. The quotient by K is implemented by introducing gauge invariant meson and
baryon like combinations of the complex scalars
x=
∏
Mi = z
n+1
1 , y=
∏
M i=z
n+1
2 , z=M0M 0= . . .=MnMn=z1z2 , (3)
which obey the standard equation for an An singularity xy = z
n+1. On the other hand
when some or all of the moment maps are non-zero we get partial resolutions of the
singularity in which case either the Ka¨hler parameter of certain shrunk two-cycles is
blown up and/or the complex structure equations is deformed to xy = zn+1 − u2zn−1 −
u3z
n−2 − . . .− un+1.
This is the starting point for Katz and Vafa’s construction of charged matter from
geometry [19]. The key idea is to deform a higher singularity into a lower by complex
structure deformations which vary over space. This amounts to replacing the constant
deformation parameters ui by functions over a base which we take to be CP
1 and is
parametrized by t. The breaking of an Ar → Ar−1 singularity is given by the deformation
xy = z(z + t)r which gives rise to matter hypermultiplets in the r(−1) representation
of SU(r) × U(1). This can be readily generalized in two ways. We can reduce the
rank by one in more than one fashion, e.g. xy = zn(z + t)m which corresponds to
An+m−1 → An−1 × Am−1 and gives matter in the (n,m) of SU(n) × SU(m). The other
possibility is to break the higher singularity into more than two smaller singularities by
xy =
∏m
i=1(z + cit)
ni , where ci are arbitrary constants, which corresponds to AN−1 →∏
Ani−1 with N =
∑m
i=1 ni. In the context of G2 manifolds we will soon employ a similar
construction which we call m−1-fold unfolding of the singularity.
The construction shortly reviewed in the last two paragraphs [19] was mainly con-
sidered in the context of Calabi-Yau compactifications of type IIA string theory where
it leads to charged hypermultiplets. In [3] a closely related construction of singularities
of seven-dimensional spaces with G2 holonomy was presented. These spaces are to be
seen in the context of M-theory compactification to four dimensions with N = 1 super-
symmetry and charged chiral matter. As before one is interested in fibering an ADE
singularity over a base manifold such that the singularity is maximal over a special point
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but smaller at generic points. However, the base manifold must be three-dimensional
and the space cannot be written simply as a complex structure deformation of an ADE
singularity. As described in [3] this is achieved by unfolding a HK quotient singularity
Hn+1//K by setting all moment maps to zero except for one
− (Φi−1, ~σΦi−1) + (Φi, ~σΦi) = 0 (4)
with i = 1, . . . , k − 1, k + 1, . . . , n where k has to be omitted. The corresponding uncon-
strained moment map is
− (Φk−1, σΦk−1) + (Φk, σΦk) = ~t1 , (5)
where the three-vector ~t1 should be thought of as parametrizing the three-dimensional
base manifold. This clearly corresponds to a seven-manifold, which is conical and non-
compact, and the symmetry breaking is of the form An−1 → Ak−1 × An−k−1. This is
the prototype example of an unfolded An−1 singularity and in this case the manifold was
shown to be a cone over WCPk,k,l,l with l = n− k [3]. The chiral matter localized at the
singularity is in the representation (k,n− k).
Let us explain in some more detail how the generalization to double unfoldings works5.
We start with an AN−1 singularity realized as an HK quotient, where N = n1 + n2 + n3.
Let two of the moment maps be unrestricted
−(Φn1−1, ~σΦn1−1) + (Φn1 , ~σΦn1) = ~t1 ,
−(Φn1+n2−1, ~σΦn1+n2−1) + (Φn1+n2, ~σΦn1+n2) = ~t2 , (6)
and otherwise
(Φi−1, ~σΦi−1) = (Φi, ~σΦi) , (7)
with i = 1, . . . , n̂1, . . . , n̂1 + n2, . . . , N − 1.
As it stands this corresponds to a ten-dimensional manifold since this is a fibration
over a six-dimensional space spanned by ~t1,2. In a moment we will restrict to a three-
dimensional subspace via a linear constraint between the two three-vectors. But let us
first rephrase the D/F-term equations in a way that takes care of the gauge symmetry
we have to divide by. As usual this is done by introducing gauge invariant combinations
of the scalar fields Φi = (Mi,M i). We perform a double unfolding in which we leave the
5It is straightforward to generalize our construction to multiple unfoldings, and we will return to the
general case at the end of this section. However, in this paper we will be mainly concerned with double
unfoldings.
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D/F-terms corresponding to the n1-th and (n1 + n2)-th U(1) unconstrained,
M iMi = M i+1Mi+1 , |Mi|2 − |M i|2 = |Mi+1|2 − |M i+1|2 ,
Mn1−1Mn1−1 −Mn1Mn1 = t(1)1 + it(2)1 ≡ c1 ,
|Mn1−1|2 − |Mn1−1|2 − |Mn1|2 + |Mn1 |2 = t(3)1 ≡ r1 ,
Mn1+n2−1Mn1+n2−1 −Mn1+n2Mn1+n2 = t(1)2 + it(2)2 ≡ c2 ,
|Mn1+n2−1|2 − |Mn1+n2−1|2 − |Mn1+n2|2 + |Mn1+n2 |2 = t(3)2 ≡ r2 , (8)
with i = 0, . . . , n1 − 2, n1, . . . , n1 + n2 − 2, n1 + n2, . . . , N − 2. This corresponds to the
breaking pattern AN−1 → An1−1×An2−1×An3−1. Eqs. (8) can be solved by introducing
K ′ invariant fields where K = K ′ × U(1)n1 × U(1)n1+n2. These baryonic fields are given
by ∏n1−1
i=0 Mi = z
n1
1 ,
∏n1−1
i=0 M i = z
n1
2 ,∏n1+n2−1
i=n1
Mi = z
n2
3 ,
∏n1+n2−1
i=n1
M i = z
n2
4 ,∏N−1
i=n1+n2
Mi = z
n3
5 ,
∏N−1
i=n1+n2
M i = z
n3
6 ,
(9)
where the zi are neutral under K
′ and carry charges
U(1)n1 : (−1/n1, 1/n1, 1/n2,−1/n2, 0, 0) ,
U(1)n1+n2 : (0, 0, 1/n2,−1/n2,−1/n3, 1/n3) ,
(10)
under the remaining gauge symmetries.
In analogy with (3) we can introduce a different set of meson and baryon like variables.
x =
N−1∏
i=0
Mi , y =
N−1∏
i=0
M i ,
zn1 =
n1−1∏
i=0
MiM i , w
n2 =
n1+n2−1∏
i=n1
MiM i , u
n3 =
N−1∏
i=n1+n2
MiM i , (11)
with N = n1 + n2 + n3. They obey the following equation
xy = zn1wn2un3 = zn1(z − c1)n2(z − c1 − c2)n3 (12)
where in the last equality we have used the F-term equations from the n1-th and n1+n2-
th U(1) (see Eq. (8)). This allows us to make contact with the generalized construction
of Katz and Vafa [19]. When c1 = c2 = 0 Eq. (12) describes an AN−1 singularity. For
c1 6= 0 and c1 + c2 6= c1 we have AN−1 → An1−1 ×An2−1 × An3−1.
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Let us study the geometry of the (singular) non-compact manifold given by the above
HK quotient construction. The ambient space is C6 subject to the U(1)2 actions given by
(10). In order for this to describe a seven-dimensional manifold we impose a constraint
of the type
~t1 +R · ~t2 = ~c (13)
where the ~ti are the relevant moment maps from (8)
z1z2 − z3z4 = t(1)1 + it(2)1 ≡ c1 ,
(|z1|2 − |z2|2)− (|z3|2 − |z4|2) = t(3)1 ≡ r1 ,
z3z4 − z5z6 = t(1)2 + it(2)2 ≡ c2 ,
(|z3|2 − |z4|2)− (|z5|2 − |z6|2) = t(3)2 ≡ r2 . (14)
Non-vanishing ~c in Eq. (13) gives rise to interesting geometrical transitions, but we are
mainly interested in conical G2 holonomy spaces, that give rise to chiral fermions, and
so we set ~c = 0. It is then easy to see that the set of equations (14) is invariant under
zi → λzi with λ ∈ R+. Hence the space is a cone over a six dimensional base, Y .
Furthermore, by enlarging the U(1)2 actions on C6 to (C∗)2 we have a toric variety, M ,
of dimC = 4
6. Because of the linear constraint (13) the complex part of (14) gives rise
to a quadratic relation between the zi. Thus, the base Y is obtained as a hypersurface
in M . It is interesting to note that although the tools of algebraic geometry are not
directly available to describe the geometry of the G2 manifold itself, in the case of a
conical geometry the base carries a Ka¨hler structure and it often has singularities in
codimension four (see appendix A). To be more precise, the G2 holonomy condition
implies that the base is a nearly Ka¨hler Einstein manifold [20].
It is instructive to analyze what these manifolds correspond to when we reduce to
Type IIA string theory along a circle that is generated by a U(1) action with charges
(1,−1, 0, 0, 0, 0) on the variables zi. We leave the derivation to appendix A and only
state the results. In the case of double unfolding we find that the Type IIA background
describes the intersection of three stacks of D6 branes at supersymmetric angles over
R6, where the number of the D6-branes in the i-th stack is given by three integers ni.
This allows us to derive the expected chiral matter directly and we find multiplets in
the representation (n1,n2, 1) + (1,n2,n3) + (n1, 1,n3) of SU(n1) × SU(n2) × SU(n3).
Hence, the physics at these singularities is quite straightforward to understand, unlike the
6Alternatively, we can use the equivalent formulation of a toric variety in terms of the symplec-
tic quotient construction in which each U(1) action is combined with the D-term component of the
corresponding moment map, see e.g. [21], [22].
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case of G2 singularities from twistor spaces [3] which are in general harder to analyze and
probably contain new, interesting physics. (For recent work, see e.g. [23, 24]). However,
in section 3 we show that certain singularities constructed by double unfolding can be
related to a particular class of twistor space constructions, and, therefore, the G2 metric
is known explicitly in those examples.
It is natural to generalize this construction by considering multiple unfoldings of AN
singularities by leaving m D/F terms unconstrained. In order to obtain an appropriate
seven-manifold we have to introduce m−1 linear relations of the type (13). By using a
generalization of the discussion in appendix A we find that this space corresponds to an
intersection of m + 1 stacks of D6-branes with multiplicities ni. In this case we obtain
matter in the bifundamental representations of SU(n1)× . . .× SU(nm+1) charged under
all possible combinations of two gauge group factors which in total give m(m+1)
2
chiral
multiplets.
3 Relation between unfolding and twistor space con-
struction of G2 singularities
In this section we will show how the procedure presented in section 2, specialized to a
double unfolding of an An singularity, can be related to the twistor space construction of
G2 holonomy cones considered in [3]. In particular we will find a connection with twistor
spaces over weighted projective spaces WCP2k1,k2,k3. The advantage of the twistor space
constructions is that they automatically provide a G2 holonomy metric without extra
work. However, the physics is harder to understand [3] and an interpretation in terms of
sets of D6-branes intersecting over R6 is not always available [8]. As was explained in the
previous section the unfolding procedure always gives singularities that can be viewed
as intersecting D6-branes in Type IIA string theory and their physical interpretation is
more accessible via duality with heterotic string theory. Unfortunately, it is very hard in
general to find the G2 holonomy metrics explicitly. But in order to understand the physics
this is not really needed and duality with Type IIA strings guarantees that intersections
of D6-branes at supersymmetric angles have lifts to G2 holonomy metrics in M-theory.
Let us quickly review the example studied in [3] pertaining to a cone on the twistor
space overWCP2k1,k2,k3. For this purpose we consider the vacuum manifold of a U(1) gauge
theory coupled to three hypermultiplets which contain complex scalars ai, b¯i, i = 1, 2, 3
with U(1) charges (qi,−qi). The vacuum manifold is given by the D-term and F-term
constraints modulo gauge transformations with the triplet of FI-terms set to zero. After
8
rescaling the scalars, xi =
√
qiai and yi =
√
qibi, we find the equations
3∑
i=1
|xi|2 − |yi|2 = 0 ,
3∑
i=1
xiy¯i = 0 . (15)
These equations describe a cone over SU(3) embedded in C6 = H3. The conical structure
follows from the invariance of the equations (15) under the simultaneous rescaling xi →
λxi and yi → λyi. In order to find the base of the cone we fix this invariance by
intersecting the cone with an eleven-sphere
∑ |xi|2 + |yi|2 = 2 ⊂ C6. Together with (15)
we find
3∑
i=1
|xi|2 = |yi|2 = 1 ,
3∑
i=1
xiy¯i = 0 , (16)
which are nothing but the orthonormality conditions of two complex three-vectors ~x and
~y. Introducing a third vector ~z = ~x× ~y we can package these three vectors into an
SU(3) matrix M = {~x, ~y, ~z}. The charges of the components of M under the U(1) gauge
symmetry can be summarized in a charge matrix q1 q1 −(q2 + q3)q2 q2 −(q1 + q3)
q3 q3 −(q1 + q2)
 . (17)
Furthermore, the SU(3) manifold admits an SU(2) action that rotates ~x and ~y into each
other but leaves ~z fixed. It acts on M by right multiplication
M → M ·
(
ASU(2) 0
0 1
)
. (18)
This SU(2) contains an abelian subgroup U(1)H that acts by right multiplication with
diag{eiα, e−iα, 1} and the corresponding charge table is 1 −1 01 −1 0
1 −1 0
 . (19)
The identification of the twistor space proceeds as follows. The base of the twistor space
is given by SU(3)/(SU(2)×U(1)). First note that the quotient SU(3)/SU(2) is simply a
copy of S5 since it is given by ~z which is SU(2) invariant and obeys |~z|2 = 1. We have to
further divide by U(1) where the charges of the zi can be read off from the third column
of (17). By a redefinition of the U(1) generator we can remove the overall minus sign
and find that S5/U(1) is WCP2k1,k2,k3 with ki = {q2 + q3, q1 + q3, q1 + q2}, or, if all qi are
odd ki =
1
2
{q2 + q3, q1 + q3, q1 + q2}.
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Finally, the S2 fiber of the twistor space is given by SU(2)/U(1)H , and the twistor
space is given by SU(3)/(U(1)×U(1)H), where U(1)H is a subgroup of the SU(2) group
action (18). The G2 holonomy manifold constructed as the cone over the twistor space
has a codimension seven singularity. Since in the case at hand the base of the cone is
homogeneous G/H a resolution of the singularity may be provided by a cohomogeneity
one metric of the type ds2 = dr2 + gG/H(r), where gG/H(r) is an r dependent metric on
the so-called principal orbit G/H and r ≥ r0. The necessary conditions for a smooth
resolution [28] are the existence of a singular orbit G/K with G ⊃ K ⊃ H which has
finite volume at r = r0 and that K/H becomes a round sphere S
n. This means that
the cone is resolved to a Rn+1 bundle over G/K. In our case K = SU(2) × U(1) is the
only possibility with G/K =WCP2k1,k2,k3 and K/H = S
2. Note, that in general this only
removes the codimension seven singularity but G/K itself may have orbifold singularities,
as is the case for weighted projective spaces [29].
In general, a twistor space can be constructed over any four-manifold M which is
Einstein with positive curvature and has a self-dual Weyl tensor. In that case we can
immediately write down a G2 holonomy metric [30, 31]
ds2 =
dr2
1− r40/r4
+
r2
2
ds2M +
r2
4
(
1− r40/r4
) |Dt|2 , (20)
with Dti = dti + ǫijkA
jtk ,
∑
t2i = 1. The A
i are three one-form gauge fields with
anti-selfdual field strengths F i = dAi+ 1
2
ǫijkA
j∧Ak. The parameter r0 in the metric (20)
is a blow-up parameter. For r0 = 0 the metric has a conical singularity at r = 0, but
for r0 > 0 the four-manifold M is blown-up to finite size in the interior r = r0 and the
total space is an R3 bundle over M . However, the manifold M itself can have orbifold
singularities as is the case for weighted projective spaces.
Now we wish to relate this approach to the kind of models constructed by double
unfoldings of HK quotient spaces as introduced in section 2. The two non-zero moment
maps correspond to the gauge factors U(1)n1 ≡ H1 and U(1)n1+n2 ≡ H2. The double
unfolding procedure produces hypersurface equations in C6 whose explicit form can be
found in (14) modulo the U(1) actions (10). This constitutes a ten-dimensional manifold
and we have to impose linear relations (13) between the constants ci, ri in order to
obtain a seven-dimensional space. The appropriate choice is r1 = r2 , c1 = c2, so that
(14) becomes
|z1|2 − |z2|2 − 2|z3|2 + 2|z4|2 + |z5|2 − |z6| = 0 ,
z1z2 − 2z3z4 + z5z6 = 0 . (21)
10
where the zi have the following charges
z1 z2 z3 z4 z5 z6
H1 1/n1 −1/n1 −1/n2 1/n2 0 0
H2 0 0 1/n2 −1/n2 −1/n3 1/n3
(22)
In order to bring (21) to a more familiar form, we make the replacements
(z1, . . . , z6)→ (a1, b¯1, b¯2/
√
2,−a2/
√
2, a3, b¯3) (23)
which turns (21) into
3∑
i=1
|ai|2 − |bi|2 = 0 ,
3∑
i=1
aib¯i = 0 . (24)
At this point we have achieved part of our goal of identifying the unfolding and twistor
space constructions. It remains to match the charges under H1 and H2 with the charges
in (17) and (19) under U(1) and U(1)H . We are of course allowed to take arbitrary linear
combinations of the generators. After rescaling the generators of H1,2 we can turn the
fractional charges of the ai and bi into integers
a1 b1 a2 b2 a3 b3
H1 n2 n2 −n1 −n1 0 0
H2 0 0 n3 n3 −n2 −n2
(25)
As before we have a cone over SU(3) modded out by U(1)2 generated by H1,2. By
introducing the vector ~c = ~a×~b we get the SU(3) matrix a1 a2 a3b1 b2 b3
c1 c2 c3
 . (26)
The charges of the fields in this matrix under H1 and H2 respectively are
Q1 =
 n2 −n1 0n2 −n1 0
n1 −n2 n1 − n2
 and Q2 =
 0 n3 −n20 n3 −n2
n2 − n3 n2 −n3
 (27)
In the simplest case we take n1 = n2 = n3 = 1. We easily see that Q1 and Q1 − Q2
agree with the charges of U(1) and U(1)H respectively. This corresponds to the case of
the cone over the twistor space of CP2.
Next we take two of the ni equal. Without loss of generality we can choose n1 = n2 = p
and n3 = q. Note that the third column of Q1 is zero which is necessary to make
11
contact with the twistor space construction. To complete the identification we introduce
Q˜1 =
1
p
Q1 and Q˜2 =
q
2p
Q1 +Q2 which give
Q˜1 =
 1 −1 01 −1 0
1 −1 0
 and Q˜2 =
 q/2 q/2 −pq/2 q/2 −p
p− q/2 p− q/2 −q
 . (28)
From (19) and (17) this gives the twistor space over WCP2p,p,q. According to [3] this
singularity has an interpretation in Type IIA as an intersection of three groups of D6-
branes with multiplicities p, p and q. The N = 1 supersymmetric gauge theory on these
branes has gauge group SU(p) × SU(p) × SU(q) and is coupled to chiral multiplets in
the (p,p, 1) + (p, 1,q) + (1,p,q) representation.
Finally, when all ni are distinct it is impossible to match the two constructions as
can seen from the charge table (27). It turns out that this has an interesting physical
interpretation. As we explained in section 2 the unfolding procedure naturally gives
configurations of intersecting D6-branes in flat space, but it does not provide an easy
way to construct the G2 holonomy metric. On the other hand the manifolds obtained via
the twistor space construction inherit a natural G2 structure and the metric can be found
explicitly [30, 31]. However, the physics of these singularities is in general much harder to
understand because of the occurrence of codimension six singularities in addition to the
much better understood codimension four singularities. In particular the cases based on
twistor spaces of WCP2k1,k2,k3 with all ki different does not have a simple interpretation
as an intersection of flat D6-branes over R6. Only if two or three of the ki are equal is
such an interpretation available which is precisely when we can make a connection with
the unfolding construction.
4 Dn and En hyperka¨hler quotients
M-theory on ALE-spaces describing Dn and En singularities give rise to SO(2n) and En
gauge groups, respectively. (We will focus on simply laced groups–for more details on the
other, disconnected components of the space of seven-dimensional theories with sixteen
supercharges, see [25].) The enhanced gauge symmetry comes from M2-branes wrapping
vanishing 2-cycles which intersect according to the Cartan matrix for the corresponding
Lie group [4]. In this section we will consider M-theory realizations of SO(2n) and En
gauge symmetries, as well as charged chiral matter, in terms of the hyperka¨hler quotient
construction described in section 2. We will concentrate on the HK quotient manifolds
describing the unfolding of Dn singularities, and return to the exceptional groups at the
end of the section.
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The procedure is carried out in two steps. First, we have to describe theDn singularity
in terms of a hyperka¨hler quotient construction. This is done by considering a Z2 orbifold
of an An′-model. Second, the matter is described by unfolding the Dn theory. Just as
in the N = 2 compactification of type IIA theory on a K3-fibered Calabi-Yau manifold
there are several possibilities for how this can be done [19], e.g. we get a 2(n− 1) of
SO(2(n− 1)) when Dn → Dn−1. Since we represent the Dn model as an orbifold of an
An′-model we have to consider the relevant unfolding in the covering space. Thus, we
can use our general framework from section 2. The generalization from the A-series to
the D-series gives us in addition the possibility of describing matter in the antisymmetric
representation of SU(n). This is of interest when studying grand unified models such as
SU(5) in which the 10 plays an important role.
4.1 Orbifold of A-series gives D-series
We now use the hyperka¨hler quotient construction to describe a Dn singularity. Because
of the non-abelian nature of the corresponding N = 1 supersymmetric quiver theory,
we will represent the Dn singularity in terms of a Z2 orbifold of an A
′
n singularity. In
particular, we will focus on the Z2 invariant untwisted sector. From the analysis in
appendix B it is sufficient to consider an A2n−1 singularity followed by a Z2 orbifold.
This allows us to represent all of the unfoldings of the Dn HK quotient in terms of Z2
invariant deformations of the A2n−1 singularity.
To that effect we start by recalling the set-up for the hyperka¨hler quotient construction
of an A2n−1 singularity as discussed in section 2. The A2n−1 singularity is locally realized
as C2/Z2n, which in turn can be defined as a HK quotient H
2n//U(1)2n−1. The complex
scalars (Mi,M i) ∈ Φi, i = 0, . . . , 2n − 1 can be combined into gauge invariant baryons
and mesons, which from Eq. (3) satisfy
xy = z2n . (29)
In order to obtain a Dn singularity we have to further divide by a Z2 generator. (For
more detail, see appendix B.) The action of the S generator translates into
S : (z1, z2)→ (z2,−z1) : (x, y, z)→ (y, x,−z) . (30)
i.e. S acts non-trivially on the SU(2n) gauge invariant variables. Following the discussion
in appendix B new SO(2n) invariant combinations can be defined (see Eq. (61)) which
satisfies the relation of a Dn singularity (62).
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Next, let us consider a general unfolding of the hyperka¨hler quotient describing the
A2n−1 singularity along the lines of section 2. We consider a Z2 symmetric double unfold-
ing given by (8), i.e. A2n−1 → A2(n−r) ×A2r−1. In terms of the invariant coordinates (11)
we have the following relation
x · y = z2(n−r)wrur , (31)
where z = z1z2, w = z3z4 and u = z5z6.
We can now use the F-term equations in (8) to express w and u in terms of z,
w = z + c1 , u = w + c2 = z − c1 with c2 = −2c1 (32)
In particular, the relation between the moment maps (13) is chosen to reflect the Z2
symmetric nature of the configuration7. Thus, we can rewrite (31) as
x · y = z2(n−r)(z2 − c21)r . (33)
The Z2 action in (30) now implies that
S : (x, y, z, w, u)→ (y, x,−z,−u,−w) . (34)
Equivalently, in terms of the zi we have
S : (z1, z2, z3, z4, z5, z6)→ (z2,−z1, z6,−z5, z4,−z3) (35)
which is a symmetry of the D/F term equations (14) if c2 = −2c1 and r2 = −2r1 and
can be viewed as the M theory lift of the orientifold action. When applied to (33) this
gives the following unfolding of the Dn singularity
Y 2 = ZX2 − Z−1Zn−r(Z + t2)r , t2 = −c21 . (36)
Following Katz and Vafa’s analysis for localized matter hypermultiplets in type IIA
[19] we will now show that (36) describes
SO(2n)→ SO(2(n− r)× SU(r) , (2(n− r), r) + (1, r(r− 1)/2) . (37)
We first note that for t = 0 Eq. (36) describes a Dn singularity. On the other hand, when
t 6= 0 there is a Dn−r singularity at X = Y = Z = 0 while at X = Y = Z+t2 = 0 there is
an Ar−1 singularity. The matter, as we will explain in more detail below, is obtained by
decomposing the adjoint of SO(2n) in terms of representations of SO(2(n− r))×SU(r).
Note that we keep the chiral multiplets that survive the breaking ofN = 4 supersymmetry
7Note that this choice is different from that in section 3.
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to N = 1 by the non-trivial fibration of the ALE space describing the Dn singularity over
the base parametrized by the moment maps.
The fact that the covering space of these spaces can be obtained by the double unfold-
ing procedure of section 2 allows us to determine their metric in most cases. The covering
space is of the type which can be related to the twistor space construction, as explained
in section 3, and hence its metric is given by the metric on the cone over the twistor
space of WCP22(n−r−2),r,r for n − r > 2. For n − r = 2 the double unfolding Eqs. (8)-
(14) degenerates to a simple unfolding [8, 3] and the metric on the covering space is a
cone over CP3/Zr. Hence, the metric we are interested in is just a Z2 orbifold (35) of a
known metric. However, this requires n − r ≥ 2 for the following reason: Although we
can represent all Dn singularities as manifolds in terms of orbifolds of An′ singularities,
this is not true for their metrics. In particular in [32] it was shown that the M theory
lift of an O6− plane with r D6-branes plus mirror branes is given by a Z2 orbifold of
a multi-center Taub-NUT metric if at least two D6-branes sit on top of the orientifold
plane. If all D6-branes and the orientifold are together the metric is an orbifold of a
single center Taub-NUT with charge 2r − 4 where the −4 comes from the charge of the
orientifold plane8 which is non-singular for r ≥ 2. On the other hand a O6− plane or O6−
plane with a single D6-brane is described by the Atiyah-Hitchin metric or a Z2 orbifold
of it, respectively, which are both smooth. In particular this means that only the cases
where at least two D6-branes lie on top of the O6− plane can be related to orbifolds of
G2 spaces from the twistor space construction. These correspond to the breaking pattern
Dn → Dn−r≥2 × Ar−1.
4.2 Map from M-theory to IIA
In section 2 (see also appendix A) we discussed how compactifying on an S1 maps the KK-
monopoles in M-theory to D6-branes in type IIA theory. In particular, the fixed points
under the U(1) action give the locations of the D6-branes. The enhanced SU(n) gauge
symmetry and charged matter arises from M2-branes wrapped on 2-cycles in M-theory
while in the type IIA picture open strings stretch between intersecting D6-branes.
This picture gets modified when we consider a Dn singularity. Following our earlier
discussion we represent the Dn singularity in terms of a Z2 orbifold of an A
′
n singularity.
In a beautiful paper [26] Sen showed that the Z2 parity symmetry of the Taub-Nut
space, representing the KK-monopoles, gets mapped to (−1)FLΩI where I is the parity
8This is also the reason why the covering space is the cone over the twistor space of WCP22(n−r−2),r,r
and not WCP22(n−r),r,r.
15
symmetry in R3 transverse to the D6-branes. Indeed, the parity transformation in M-
theory is exactly the Z2 given in (30). We thus have M-theory compactified on an Atiyah-
Hitchin space [27] with overlapping KK monopoles at the origin. Furthermore, this is in
agreement with the Dn singularity described by (58). In type IIA the KK-monopoles get
mapped to D6-branes which are paired by the Z2 action, while the Atiyah-Hitchin space
corresponds to an O6− plane.
It is appropriate to make the following remarks here. For an A2n−5 singularity we can
formally write
xy = z−4z2n . (38)
This is a semiclassical description of n pairs of D6-branes located on top of an O6−
plane [26]. Second, to describe the lift of the O6− plane to M-theory we need to include
the S-generator of the binary dihedral group Dn−2, corresponding to the above Z2 action.
This leads indeed to the correct description of the Atiyah-Hitchin space. With the n pairs
of D6-branes taken into account one obtains a Dn singularity, (58).
The above picture can be generalized to the unfolding of a Dn singularity. As in
section 2 we start by considering the covering space A2n−1 and its deformations. For
definiteness let A2n−1 → A2(n−r)−1 × A2r−1, i.e. following section 2 we have an enhanced
gauge symmetry SU(2(n − r)) × SU(r)2 with bifundamental matter (2(n− r), r, 1) +
(2(n− r), 1, r) + (1, r, r). It is now straightforward to read off the gauge symmetry and
matter after the Z2 transformation (34). It is clear that the Z2 acts such as SU(2(n −
r)) → SO(2(n − r)). Since the two SU(r) are exchanged, see (34), this results in a
single SU(r). The matter is read off by decomposing the adjoint of SO(2n) in terms of
SO(2(n− r))× SU(r).
4.3 Exceptional Groups
We now use the hyperka¨hler quotient construction to describe an En singularity. In
particular, we will focus on E6 and E7. From our discussion in appendix C it is sufficient
to consider a D4 singularity followed by a Z3 (Z3 × Z2) orbifold to construct an E6 (E7)
singularity. Let us start by considering the case of E6. In order to correctly describe the
deformations of the E6 singularity that are inherited as U -invariant deformations of the
D4 we find that the correct covering space is the A3 singularity (see Appendix C). We
consider the single unfolding, A3 → A1×A1. Following the analysis outlined in section 2,
identifying the appropriate coordinates in terms of the chiral components Mi,M i of the
hypermultiplet Φi we find
xy = w2u2 , u = w + c . (39)
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By a change of variables, z = w − eipi/431/4t, c = −eipi/42 31/4t, Eq. (39) becomes xy =
(z2+ i
√
3t2)2, where z = z1z2, w = z3z4 and u = z5z6, zi ∈ C6 (see section 2). We show in
appendix C that this is a deformation appropriate for studying the E6 singularity (74).
The U(1) action on the zi, i = 3, . . . , 6 follows straightforwardly from section 2 Eq. (10),
U(1) : (1/2,−1/2,−1/2, 1/2) . (40)
Following the arguments in [3], by rescaling the charges this corresponds to a Z2 orbifold
of CP3. In terms of the projective coordinates wi of CP
3, where we identify w1 = z3,
w2 = z¯4, w3 = z5, w4 = z¯6, the Z2 action is given by
Z2 : (w1, w2, w3, w4)→ (−w1,−w2, w3, w4) . (41)
To obtain the unfolding of the E6 singularity we have to further divide by S and U ,
S : (w1, w2, w3, w4)→ (w4,−w3, w2,−w1) (42)
U : (w1, w2, w3, w4)→
(
ǫ√
2
(w1 − w4), ǫ
7
√
2
(w2 + w3),
ǫ√
2
(−w2 + w3), ǫ
7
√
2
(w1 + w4)) , (43)
with ǫ8 = 1. The action on the projective coordinates is deduced as in the case of the
unfolding of the Dn singularity as a symmetry of the D/F-term equations (35).
Finally, the matter localized at the singularity is obtained by decomposing the adjoint
of E6, 78, in terms of representations of SU(3)
2 × SU(2)× U(1),
(3, 3¯, 1)2 + (3¯, 3, 2)1 + (1, 1, 2)−3 . (44)
Notice the matter charged with respect to all three non-abelian factors. This is an
example in which a perturbative description in terms of open strings stretching between
D6-branes cannot be used to explain this particular matter content.
For E7 the situation is very similar. The A3 singularity is once again the covering
space, since the deformation given in (74) is invariant under the V transformation. Hence
the unfolding of the hyperka¨hler quotient proceeds exactly as for the E6 case above. Thus,
the base of the cone is CP3/(Z2 · S · U · V ), where Z2, S and U are given in Eqs. (41),
(42) and (43), respectively, and V is given by
(w1, w2, w3, w4)→ (αw1, αw2, αw3, αw4) , α8 = 1 . (45)
This action is consistent with the D/F-term equations of a single unfolding (5).
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The matter localized at the singularity is obtained by decomposing the adjoint of E7,
133 in terms of representations of SU(4)× SU(3)× SU(2)× U(1) 9,
(4, 1, 2)−3 + (6, 3¯, 1)−2 + (4, 3¯, 2)1 + (1, 3¯, 1)4 . (46)
As in the case of E6 there is matter charged with respect to all three non-abelian factors
a reflection of the non-perturbative nature of the existence of this particular matter
content.
There is however no map from M-theory to type IIA in this case. Recall that for the
D-series it was essential that the parity transformation was accompanied by Ω. However,
U acts like a Z3 which does not have a well-defined description in type IIA. Furthermore,
the exotic matter in (44) and (46) is another reflection of the non-perturbative nature
of these models. A similar situation occurs in the construction of En singularities in
F-theory, in which τ , the axion-dilaton, has to take a particular value corresponding to
a strongly coupled type IIB theory [33].
5 Discussion and Conclusion
In this paper we studied a large class of singular G2 holonomy manifolds that give rise
to chiral matter. Our construction is based on a generalization of the simple unfolding
of HK quotient singularities [3] to multiple unfoldings. We showed that in general these
manifolds, after a reduction along a suitable circle to type IIA, correspond to configu-
rations of stacks of D6-branes intersecting over flat R6. This gives rise to chiral matter
in bifundamental representations under the gauge group SU(n1) × . . .× SU(nm) which
can be understood from the open string spectrum in type IIA. In general the explicit G2
metrics on these spaces are not known but since the angles between the branes can be
chosen to be supersymmetric this guarantees that a lift of the type IIA background to
a G2 holonomy metric exists. One might wonder where the angles between the brane
enter in our construction. As long as we do not commit to a metric we only describe the
space as a manifold in Eqs. (13) and (14) but there is still a lot of freedom in rescaling
the coordinates which leads to the same manifold. So at this stage, without a metric, it
does not make sense to talk about angles and trying to attribute them to the numbers
appearing in Eq. (13). These will eventually be fixed by imposing G2 holonomy but to
find these metrics explicitly will be very hard, except for some of the examples discussed
in section 3 and 4.
9The relative U(1) charge assignment is not clear from the hyperka¨hler quotient construction. A
more detailed study of the anomaly cancellation condition will hopefully resolve this issue.
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In particular in section 3 we were able to map manifolds obtained via double unfolding
to cones over twistor spaces over weighted projective spaces WCP2k1,k2,k3 if at least two of
the ki are equal, say k2 = k3. In this case the metric and G2 structure can be constructed
explicitly [30, 31]. In type IIA this describes the intersection of three sets of D6-branes
with k1, k2 and k2 branes in every set.
Furthermore, we extended the possible representations that appear at the singularities
from bifundamental representations of unitary groups to anti-symmetric representations
of unitary groups and (bi)fundamental representations of orthogonal groups. This was
achieved by introducing O6− planes into the picture. In principle this can be done by
unfolding Dn singularities, which is technically harder because the orbifold action is non-
abelian. But as we show in section 4 in many cases we can construct these spaces as
Z2 orbifolds of double unfolded A2n−5 singularities. For this to work the O6− plane has
to be superimposed with at least two D6-branes (and their mirrors, if we work in the
covering space). In these cases we can do even more. The G2 metric can be constructed
explicitly since it is simply a Z2 orbifold of spaces arising from double unfoldings which
can be related to the twistor space construction.
We are also able to describe unfoldings of E6 and E7 where the group is broken to three
or more non-abelian factors. (For these constructions, the metric is also known to have G2
holonomy since the unfolding is given by a cone over a non-abelian orbifold of CP3.) The
corresponding chiral matter fields appear in representations charged simultaneously under
three gauge factors. Obviously, this has no analogue in weakly coupled string theory and
cannot be explained by open strings stretching between D6-branes. It would be very
interesting to generalize to other breaking patterns discussed in [19], e.g. E6 → SO(10)
and E7 → E6 which give rise to the 16 of SO(10) and the 27 of E6, respectively.
It is definitely interesting and important to get more examples of singular G2 spaces
that produce chiral matter, e.g. recently a large class of conical G2 spaces was constructed
from a generalization of the twistor space construction, which automatically gives the
corresponding G2 metric [23] (see also [24]). Another challenging task is to find the
explicit metrics on the G2 cones constructed via unfolding of HK quotient singularities.
In the case of simple unfolding [3] the base of the cone is a weighted projective space
WCP
3
n,n,m,m but the corresponding nearly Ka¨hler metric is not known. Similarly, for
the general double unfolding with distinct ki or multiple unfoldings the metrics are not
known. A possible route to finding them is to exploit the construction of G2 holonomy
metrics from harmonic three-forms Φ. In this case one starts from an ansatz for the
three-form Φ and imposing G2 holonomy amounts to solving dΦ = d ∗Φ Φ = 0, which is
a highly non-linear differential equation for Φ. The metric itself is a non-linear function
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of Φ. This approach is very efficient and has been employed successfully in [30, 36] to
construct complete, non-compact G2 holonomy spaces. See also [34, 37] for a closely
related method and [35] where an effective Lagrangian approach is used.
Our understanding of honest M theory compactification on G2 manifolds is hampered
by the lack of a microscopic description of M theory and the scarcity of examples of
compact G2 manifolds. Dualities with string theory imply the existence of huge classes
of compact G2 manifolds, see e.g. [14, 3], but up to now only three methods exist, that can
be used to construct them (See [38] for a short review and more references). In particular
most of the G2 singularities that give rise to chiral matter, which were described in [3]
and this paper, do not arise in the known examples of compact G2 manifolds. But
since chiral matter is necessary for physically interesting compactifications more general
constructions of compact G2 manifolds are needed. A related problem is the absence of a
simple topological condition for the existence of a G2 structure on a given seven-manifold.
This should be contrasted with the situation for Calabi-Yau manifolds where one only
has to show the vanishing of the first Chern class.
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A Reduction to Type IIA
The singular G2 holonomy manifolds X we constructed via double (and multiple) un-
folding of HK quotient spaces are all cones over some six-dimensional Einstein manifolds
Y . Hence the metric can be written as
ds2 = dr2 + r2dΩ2Y . (47)
We want to show that M-theory compactifications on these manifolds are the uplift of
type IIA backgrounds of D6-brane and O6− plane intersecting over flat R6. This means
that we have to identify a U(1) isometry with the following properties [8]: The coset
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X/U(1) is topologically R6, however, in general the metric will differ from flat space, since
the dilaton, which is proportional to the size of the U(1), varies over R6. In particular this
means that the base of the cone Y modded by this U(1) action gives S5 since R6 is a cone
over S5. Furthermore, the U(1) may have fixed points in R6 which have the interpretation
as the location of D6-branes/O6− planes only if they occur in codimension four of the
seven-dimensional G2 manifold. Since we claim that our manifolds correspond to the
intersection of flat D6-branes/O6− planes we expect the fixed point sets to be copies of
R3 inside R6 and, because of the conical structure of X , they correspond to copies of
two-spheres, S2 = R3/U(1) inside S5 = Y/U(1).
The hyper-Ka¨hler moment map plays an important role in what follows. Let us
represent R4 = C2 by a complex two-component vector x = (x1, x2)
t and introduce the
U(1) action x→ eiθx. Then the quotient R4 → R4/U(1) = R3 is given in terms of U(1)
invariant moment maps
~r = x†~σx ≡ (x, ~σx) , (48)
where ~σ are the standard hermitian Pauli matrices. This map was already introduced in
Eq. (1) in component form.
To make contact with our constructions via double (and multiple) unfoldings Eq. (14)
we reorganize the coordinates of C6 in three groups of two:
x = (z1, z¯2) , y = (z3, z¯4) , z = (z5, z¯6) (49)
It is then easy to see that the equations in (48) are just linear combinations of the moment
maps of x, y and z, and are invariant under the two U(1) actions (10). The U(1) actions
on the new coordinates take the form
(x, y, z)→ (xe−iθ1/n1 , yei(θ1+θ2)/n2 , ze−iθ2/n3) . (50)
In the remaining part of this section we want to show that the U(1) action
(x, y, z)→ (eiθx, y, z) (51)
provides the reduction to type IIA with the desired features listed above. First we note
that the space indeed has a conical structure since we can rescale x, y, z by a non-zero
real number without changing the F and D term equations. To construct the base of the
cone we just have to intersect this hypersurface with the eleven-sphere10
(x, x)2 + (y, y)2 + (z, z)2 = 1 , (52)
10Note, that this describes an eleven-sphere although the condition is quartic in the coordinates zi. It
is however advantageous for the rest of the section to use this convention. Since we are only interested
in topology here, we could actually use arbitrary positive exponents in this equation.
21
which avoids the origin in C6. Dividing out the three U(1) actions leads to an eight-sphere
embedded in R9. The eight-sphere can be parametrized by the nine-vector
(~rx, ~ry, ~rz) =
(
s~ex, t ~ey,
√
1− s2 − t2 ~ez
)
, (53)
with s ∈ [0, 1], t ∈ [0, 1] and ~ex, ~ey, ~ez ∈ S2. If we define ~ex = (x, ~σx)/(x, x), ~ey =
(y, ~σy)/(y, y), ~ez = (z, ~σz)/(z, z), s = (x, x), t = (y, y), then this gives an isomorphism
from S11/U(1)3 to S8.
The D/F-term equations impose a linear relation between the three terms in (53),
which for general D and F-terms takes the form
~rx + (R− I3×3) · ~ry − R · ~rz = 0 (54)
where the three by three matrix R was defined in (13). These are the equations of three
hyperplanes intersecting the S8 defined by |~rx|2 + |~ry|2 + |~rz|2 = 1. The three equations
in (54) are linearly independent, hence, this gives an S5 as desired. The same reasoning
can be repeated for multiple unfoldings with the same result Y = X/U(1) = S5.
Finally, we want to find the fixpoint set of the U(1) action (51), which, if it appears
at codimension four, corresponds to the location of D6-branes and/or O6− planes. For
this we assume that the O6− plane has at least two D6-branes on top of it. Otherwise
the discussion becomes more involved since D0,1 singularities which correspond to O6−
planes with zero or one D6-branes on top are represented by the Atiyah-Hitchin space or a
Z2 orbifold of it, whereas Dn≥2 singularities are represented by much simpler Z2 orbifolds
of ALE spaces with A2n−5 singularities [32]. The corresponding Dn ALF metric, if at
least two D6-branes coincide with the O6− plane, is just the multicentered Taub-NUT
metric with 2n − 4 KK-monopoles arranged in a Z2 symmetric fashion [32]. The Z2 is
the M-theory lift of the orientifold action and the multi-Taub-NUT metric describes the
double covering space before modding by the Z2.
From the M-theory circle action (51) and the U(1)2 action given by (50) we see that
(51) gives a fixed point set consisting of three components: x = 0, y = 0 and z = 0.
On any of these components Eq. (52) reduces to the equation for an S7. Out of the
three U(1) actions one particular linear combination acts trivially, so that dividing out
the U(1) symmetries gives an S5. Finally, we have to impose the three linear relations
(54) which yield an S2 as expected. The fixed point set is the union of three S2’s, which
do not intersect except at the tip of the cone where the whole base shrinks to a point.
Hence, in type IIA this corresponds to three sets of intersecting D6-branes. To find the
multiplicities of the D6-branes we have to identify the type of singularity at the fixed
points. Inspecting the U(1) actions we find an An1−1 singularity at x = 0, an An2−1
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singularity at y = 0 and an An3−1 singularity at z = 0, which means that we have three
stacks of D6-branes with multiplicities ni , i = 1, 2, 3.
It is important to note that the codimension four singularities all coincide with the
U(1) fixed point set. Only for this reason do we have a clean interpretation in terms of
D6-brane configurations. In the twistor construction (see also [23]) this is not the case in
general and the interpretation is more complicated which makes it hard to identify the
correct spectrum of chiral fields at the singularity [3, 23]. Also, most of the arguments go
through for multiple unfoldings under relatively mild assumptions for the generalization
of Eqs. (14) and (54). Concretely, this means for an m-fold unfolding that there should
be 3m− 3 linearly independent equations. In this case the corresponding G2 singularity
corresponds to the intersection of m+ 1 stacks of D6-branes.
B Construction of Dn singularities
Dn singularities can be constructed by dividing the complex two-plane C
2 by a finite
non-abelian group, the binary dihedral group Dn−2 of rank 4(n − 2), generated by T =(
ξ 0
0 ξ−1
)
with ξn−2 = 1, and S =
(
0 −1
1 0
)
acting on (z1, z2) ∈ C2 [39]. The well-
known form of the singularities as equations in C3 can be found by introducing invariant
monomials in terms of the coordinates z1, z2.
We will present this in a two step process where we first divide by the Z2(n−2) subgroup
generated by T , followed by the Z2 generated by S. A T -invariant set of variables is given
by
x = z
2(n−2)
1 , y = z
2(n−2)
2 , z = z1z2 (55)
yielding the A2n−5 singularity
xy = z2(n−2) . (56)
The fully invariant set of variables is
Y = 1
2
(x+ y) = 1
2
(z2n−41 + z
2n−4
2 )
X = 1
2
z(x− y) = 1
2
z1z2(z
2n−4
1 − z2n−42 )
Z = z2 = z21z
2
2
(57)
which yields the equation for the Dn singularity
X2 = ZY 2 − ZZn−2 . (58)
Note that in deriving (58) we have in the last term used the A2n−5 relation (56) above.
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It is clear from (58) that there are only n− 2 Z2 (S)-invariant deformations of (56),
while a Dn singularity has n deformations. However, this problem can be circumvented.
We start by considering Z2n generated by T , for which
x = z2n1 , y = z
2n
2 , z = z1z2 (59)
yield the A2n−1 singularity
xy = z2n . (60)
Then, introduce a new set of invariant variables (under the T and S generators)11
Y = 1
2
z−2(x+ y) = 1
2
(z1z2)
−2(z2n1 + z
2n
2 )
X = 1
2
z−1(x− y) = 1
2
(z1z2)
−1(z2n1 − z2n2 )
Z = z2 = z21z
2
2
(61)
which also yields the equation for a Dn singularity
X2 = ZY 2 − Z−1Zn . (62)
However, the difference is that all of the deformations of (62) can be accounted for when
deforming (60) with S-invariant deformations,
xy =
n∏
i=1
(z2 − z2i ) → (63)
X2 = ZY 2 − Z−1
( n∏
i=1
(Z + Zi)−
n∏
i=1
Zi
)
+ 2Y
n∏
i=1
Zi , (64)
and the map (61) becomes
Y = 1
2
z−2(x+ y + 2
∏n
i=1 zi)
X = 1
2
z−1(x− y)
Z = z2 .
(65)
This argument agrees with the general idea that when the D6-branes are located
away from the O6− plane they do not feel its effect, and the theory is perfectly described
by n pairs of D6-branes [26]. However, we have to be careful when considering the
limit Zi → 0, i.e. is the map between the covering space of deformations of the A2n−1
singularity and the space of deformations of the Dn singularity well-defined in this limit?
For our purpose it is enough to analyze limits of deformations corresponding to
Dn → Dn−r × Ar−1, (66)
11This map is not valid at x, y 6= 0, z = 0. As we argue below, there are certain limits when x, y, z all
vanish in which (61) is still well-defined.
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as they are the ones relevant for studying the localized matter. Hence, let z2i = −t2 , i =
1, . . . , r. In the A2n−1 covering space we get from (63)
xy = z2(n−r)(z2 + t2)r (67)
while the Dn deformation from (64) is similarly given by
X2 = ZY 2 − Z−1
(
Zn−r(Z + t2)r − δn,rt2n
)
+ 2δn,rt
ny . (68)
Clearly, when t 6= 0 we have a Dn−r singularity at X = Y = Z = 0 while at
X = Y = Z − t2 = 0 we have an Ar−1 singularity. In the covering space this corresponds
to an A2(n−r)−1 singularity at x = y = z = 0 while at x = y = z ± it = 0 we have two
Ar−1 singularities respectively. Thus, for t 6= 0 we have a well-defined map from the Z2
invariant deformations of A2n−1 to the deformations of Dn given by (65).
Let us now consider the limit t→ 0. From (68) we find a Dn singularity at X = Y =
Z = 0. In the covering space, both x and y vanish at the location of the singularities
when t 6= 0. Thus, in spite of the apparent singular map due to the negative powers of z
in (65), the limit t→ 0 is well-defined also in the covering space, and
A2(n−r)−1 × (Ar−1)2 → A2n−1 . (69)
We can therefor extend the map between the deformation spaces to also include the
origin in the limit t→ 0.12
Finally, note that for r = n the t 6= 0 deformation corresponds to D0 × An−1, where
D0, the Atiyah-Hitchin space, is located at X = Y = Z = 0 and the An−1 singularity
is at X = Y − t2(n−2) = Z + t2 = 0. Just as for r < n the limit t → 0 is well-defined;
D0 ×An−1 → Dn and in the covering space A2n−1 → A2n−1.
The D0 singularity is a smooth configuration obtained from the D1 singularity by a Z2
orbifold (X, Y, Z)→ (−X,−Y, Z), where theX, Y, Z are given in terms of the A1 covering
space coordinates x, y, z in (61) for n = 1. Introducing new variables Y˜ = Y 2, X˜ = XY
we find
X˜2 = ZY˜ 2 − Y˜ . (70)
Indeed, (70) is non-singular.
12There are other limits in which the origin can be included but this suffices for our discussion.
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C Construction of En singularities
The En singularities can be constructed by extending the binary dihedral group action,
D2, on the complex two-plane, C
2 [39]. Consider the following actions on (z1, z2) ∈ C2
U =
1√
2
(
ǫ7 ǫ7
ǫ5 ǫ
)
and V =
(
ǫ 0
0 ǫ7
)
, (71)
where ǫ8 = 1. The binary tetrahedral group, T of order 24 corresponding to E6 is
generated by adding U to D2. The E7 singularity is obtained by adding V to T which
gives the binary octahedral group of order 48.
Let us first consider the E6 singularity. In terms of the D4 invariant variables X, Y, Z
we have the following set of variables invariant under T , S and U ,
X˜ = Y (Y 2 − 9Z2)
Y˜ = 3Z2 + Y 2
Z˜ = (−108)1/4X
(72)
which gives the equation for an E6 singularity
X˜2 = Y˜ 3 +
Z˜4
4
. (73)
We are interested in the deformation space associated to the E6 singularity. In analogy
with theDn singularities we want to describe this parameter space in terms of the covering
space of deformations of the A3 singularity. However, it is not possible to find an auxiliary
representation in which all the deformations of E6 can be represented. Since the U -
invariant deformation also has to be invariant under the S transformations of the A3
singularity we are left with only one invariant deformation,
xy = (z2 + i
√
3t2)2 (74)
which is mapped to the following deformation of the E6 singularity
X˜2 = Y˜ 3 +
Z˜4
4
− 3t2Y˜ Z˜2 + 9t4Y˜ 2 − 4t6Z˜2 + 24t8Y˜ + 16t12 . (75)
Clearly, when t = 0 (75) describes an E6 singularity. When t 6= 0 it is straightforward
to show that there are three different singularities located at (X˜, Y˜ , Z˜) = (0, 0,±√2t3)
and (0,−4t4, 0) corresponding to A2 and A1 type singularities respectively. Thus, the
deformations in (75) correspond to the following breaking of E6
E6 → A22 ×A1 . (76)
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Let us now turn to the E7 singularity. We can express the D4 invariant variables in
combinations that are invariant under T , S, U and V ,
Xˆ = XY (Y 2 − 9Z2)
Yˆ = 481/3(3Z2 + Y 2)
Zˆ = 3X2
(77)
which gives the equation for an E7 singularity
Xˆ2 = ZˆYˆ 3 + 16Zˆ3 . (78)
As for E6 we are interested in the deformation space associated to the E7 singularity.
The U and S-invariant deformation of the A3 singularity is also invariant under the
V -transformation, and gets mapped to the following E7 deformation
Xˆ2 =
Yˆ 3Zˆ
16
− Z3 + 12t2Yˆ Zˆ2 − 36t4Yˆ 2Zˆ − 4t6Zˆ2 + 24t8Yˆ Zˆ − 4t12Zˆ . (79)
Clearly, when t = 0 (79) describes an E7 singularity. When t 6= 0 it is straightfor-
ward to show that there are three different singularities located at (X˜, Y˜ , Z˜) = (0, t4, 0),
(0, t4/4, 0) and (0, 0,−2t6) corresponding to D3 ≡ A3, A2 and A1 type singularities re-
spectively. Thus, the deformations in (79) correspond to the following breaking of E7
E7 → (D3 ≡ A3)× A2 × A1 . (80)
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